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MOTION OF ELECTRON GAS IN CONDUCTING LOLIDS*

H. Demiray and A. C. Eringen
Department cf Aerospace and Mechanical Sciences

. Princeton University

Princeton, New Jersey 08540

ABSTRACT

By use of the coatinuum theory of mixtures, a thecry is presented
for elartic conductors. The ionic lattice and electronic gas as
separate continua constitute the members of the mixture. Balance laws
and jump conditions are given, and a set of properly invariant consti-
tuti* = equations are obtained and linearized. The field equations are
solved for a problem of electrostatic probe, namely, a charged spherical

cavity in a solid plasma.
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1. INTRODUCTION

In recent years, a revival of interest has reopened rxesearch in the
field of electromagnetic elastic solids. Besides growing technological
importance, certa.n fundamental questions hitherto unresolved gave impetus
to these studies. Among them are the pature of electromagnetic force,
energy, and the questior of invariance of the constitutive functions.

In continuum theories, ~uclidean invariance and the principle of objectivity
are taken as fundamental, while in electromagnetic theory, the Lorentz
invariance is basic. For deformable bodies subject to electromagnetic
fields, a unification and reconciliation of these two points of view was
necessary (cf. Grot and Eringen [1], Jordan and Eringen [2], and Walker [3]).
In these works, a continuum was assumed to poscess no electron inertia,

so that the slectromagnetic force on the current was transmitted directly

to the solid continuum. JIu reality, in fact, the force acting on the

current is transmitted to a solid continuum through momentum transferred

by the electrons.

In a recent work [4], we presented a continuum theory of charged
mixtures capable of diffusien, ionization, and recombination. In thie
woark, the effect of the diamagnetic property of electrons and ions was
also included. Hexe we consider a mixture composed of polarizable and
magnetizable conductors and an electron gas continuum that possesses
inertia.

Theory developed here is believed to have potential application in
the discussion of electrical cliarges in solids in particular in lightening
damage, although the latter prcblem requires the inclusion of thermal

effects, in the digcussfon of near fields.
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2. BALANCE EQUATYONS

3 The balance equations of a mixture composed of an elastic conductor
and an electron gas continuum may be obtained as a special case of

equations (2.1) to {4.6) of reference [4],with the constraints that
=0 |, Q(a) =0 , a=e,s

(2.1)
g(a) =0 , g(a) =0 , a=e

where C(a) and g( y are respectively the mass production (or destruction)

polarization rransfer

and the rate of A ?(4) is the partial polarization, and y(a)

is the partial magnetization of species a which takes the vaives s and e

) associating the fieids, respectively, with the ionic la-tice and electronic

Iy

Em%ﬁmﬁm@@ﬁﬁ%ﬁwﬁ%ﬁ%ﬂmMﬁﬂﬁmﬂmHM&&»E%E@QM%%M&%@QQQ&;&@

gas continua. The balance laws and jump conditions are:

4
¥

(1) Conservation of Mass:

ap

—fo) = -
(2.2) Yol div(p(a)y(u)) =0 in V(a) o
2.3) )W - P n=0 oo

where ?(a)? Y(u) are respectively the density and the velocity of the a th

species, and u is the velocity of a moving discontinuity surface ¢ with

exterior nommal n.

(i1) Balance of Momeptum:
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with R(a) and_R(a) stbject to

ko ko
(2.6) gn(a)-o , g @ =

where E(u)’ g(u), g(u)’ g(a) and §,1> are,reSpectively)the stress tensor,
mechanical body force, the linear momentum transfer in volume V(a) -0

and on the surface o, and the body force due to electromagnetic origin

defined by
(s) - (s) (s) 25 .k (s) k
8 Fqe)fi T E Py T i) t M Bt
Q2.7
(e) . £(e)
N PR

*

£ B, M 1
Here Ua)? S(a) B2 Yoy E(a) and g(a) are respectively the charge
dengity, effective electric field, magnetic fie=ld, magnetization;

polarization, and the convective time rate cf polarization defined by

v
E, . zE+=2 .5
<(a) < ¢ 2
(2.8) *a
A 1 i (or _ .3 A
P(cz) - I,‘Im) * P(m)v 34 P(m) (o) ;3

Throughout this work, a semi-colon is used tc indicate the covariant
partial differeniiatien and a superposed prime the material derivative of
tensor fields following the motion of the « th specles.

(iii) Balance of Momeat of Momentum:

k2 ik kPm (u) (u) _ .
2.9) (a) (a) (G m y=0 v

(2.10) *.o=0 on o
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with Tk and fk sub ject to
(a) 9% (0) J
vk ca ko
(2.11) gr(a)-o ,,&r(a)-o

where T(a)’ é(a), and G%a) are respectively the rates of angular

momentum trans fer in volume V(a)—o and cn the surface o , and the

electromagnetic couple wafined by
‘Z. } . =z bl + H
212 $e) *e) " S0 THe) ¥ B 0 S

(iv' wwervation of Energy:
i
Prye
£8) (Lsdy . ot g

v _ ki _(s)
(2.13) p(s)e(s) = t(s)vx;k + Pee)Ei o (s)B1
1 2 fes) k
oo M@ T sk T P ee) T s
- k& (e) 1.2 (es) . k

@18 2@ T Mok T Mo T ek T P@te) T e

. 1.2 4,k k, k(o) k .2
@15 P)Cw Y2V Ve ) T S T U T e

where €rq) and e(u) are subject to
4.

(2.28) z €la; = 0 , 2 o) = 1]

Here e(a), h(a)’ Ue)? e(a) and e(a) are respectively the internal
energy density, volume heat supply, surface heat flux, and the values

of the rate nf energy transfer in volume V( -c and on the surface ¢

@)

of the a th component.
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(v) Principle of Entropy:
. k
6, R

Cl ey @) (e
(2.17) P ()" () (f,(m));k e(a)

k]

+ (q) >0, in V(u) -

R e R

. K g o)
o 2. - +
: (2.18) Lp(a)"(-a)(v(u) o ( )]n n( y 2 0 ono
where N g) and n(a) are subject to
f (2.19) Z Ny 20 E Ry = O
. Here n (a)* R4) and u are respectively the entropy volume density 3
3, and the rate of entropy transfer in volume V(a) -0 and on the surface , %
o of the o th component. z
'_; For convenieuce we introduce the following Legendre transformation %
5 M B é;a
b . - - (5) '_gsl _— |
& ¥iz) = S(s) 67 ey T
q * (s) g
= (2.20) -3
a9 . = _ 4(e) ’%
3 o) TS 7% e g
i «%
i Carrying (2.20) into (2.17) and eliminating the Proyl(e) EFOP (2.17), g
“ - by use of (2.13) and (2.14), we obtain a new form for the energy inequality ;E
= b
s g
P ' 1 e (s) | i 1(s) i1(s) i
23 (2.21) - {n, 6 + ‘i' Y+ — £ B™M
' 3 3 i 6 =
: 8 (e) (s) (3) (=) §(s) t(s)Vs k 8(s ) (s) (s) i :
+9 z %
7'. (es) qk e(s) e ?%
g 1 L es S H.d ‘ 2 ‘15
E- 29( ; R(e)u£ + 92 + 6( ) + n(s) >0 gé
- (s) !
: %
g 3
5 P ' 1 kf. O] g (es) &
S 2.22) - =L (00, ) + 5 42— R €
b ’ 2 3
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Here ;tz) is defined by

—k£ - (s) .
(2 23) t(s) = (s) + (P( ) « B 4 Me) B)g

where gkz is the metric tensor of the spatial frame of reference x.

These inequalities must be valid for all independent processes.

(vi) Electromagnetic Field Equations:

1 38 1
(2.24) VxE+-350=0 , Eglx9+-&-.[§]‘.n=0

3D
1 = 4 b 1 . 4n 3
(2.25) VxB=or+0J, ] xn=2[Dluen+=2J

fﬁﬂ&ﬂn&ma&awmﬂwmmm%&mwmﬁsmmﬁﬁgrﬁmw&&mw&&ﬁgﬁ~wgﬁm

(2.26) VeD=4nq , [9} *n = 4mq

¢ 1o
"
)
-
)
and
L]
e
"
o

(2.27) Ve

where E, D, H, B, J, q, J and & are respectively the electric field,
electric displacement, magnetic field, magnetic induction, and the
values of the current and charge in volume V-o and on the surface of

discontinuity o.

These quantities are related to each other by

AT PR T N b
Vo N . " . = t

v w3
DEE+ 4R, , HEB-An, + = x B
: (2.28) 2 96)7) * Ue)¥(e)
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3. CONSTITUTIVE EQUATIONS

We select velocity, magnetization, and polarization of a solid as
well as the density of electron gas and the first gradient of deformatfon

of an 2lastic solid continuum as independent constitutive variables, i.e.,

k
k k 3 x .k
-1 Y P Mayr kT e Pe) Oy
(s)
The dependent variables are:
> k& " k k ¥ k
(3.2 t@® Y@ ") U’ R’ B’ B S’ M

The constitutive equations that obey the principle of equipresence

have the following functional farms,

ke

L * ke I k k
: (3.3 E@ ™t Pee)? %8)* Y(es)’ Tis) 1y X %

(

similar forms being valid for other constitutive variables.

The local Clausius-Duhem inequality iwposes the following restric-
tions on the free energies
¥ =¥, {8 P M xk )
(s) (s)*7(s)’ (s}’ (s)’ 7,K

(3.8)
Ye) = Ye)Be)? Pee)?

Subssitution of (3.4) into (2.21) and (2.22) yields

AR SRR e A (R e AP N el L e o :
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IO IR O N S B WO v

X
(n 38, +=i— (T2 - g A
( : z
‘ Tay ) " gy ) T By i) T o) Ty Tk 3
1 et OWS) ON o) :
3.5 + = (E - - P+ i . #
(3.3) By (0) T Pe) L T B B~ ooy = (s) :
= £ = "1 z
3 P S (es) - Ks )% g s) . 5
L ZG(S) te3Ve e2 (s) (s) 2 3
;j (s)
; A similar fomm may te given for the electron continu.w, §
Further simpiification of (3.5 can be accomplished if we note ?
: (s ! )
2 that v(a ib), MSS' and 6(:}( may be varied arbitrarily. The necessary g
k- 3
3 and suificient conditions for the inequality (3.3) te be valid for all §
a8 ~
} arbitrary variations of these quantities is that the coefficlents of these g
j quantities must vanish, i.e., §
B 3% 3
K. > k &
e {3.6) n = - 2 s 9 =0 ,a=e,s §
. («) 394 (a) :
3 $
3 . 3y g
E: KE _ _02 (e) gki %
o - s 3
: (e) (e) H(e) %
ks & (3~7) ;
e ! 3y 3
2 K2 (s) k _ . #(s) . ki 3
2 Bis) = P(s) ox *x (g(s) £ + !:i(s) B)g 3
= 2,k g
| 3¥ ¥ :
(3.8) P T ) Y SV ¢ p
E: (s) (8) p(s) ° (s) . (s) 3
e P} a g
£ k W
&
3 %
5 subiect to 2
R &
i 7 3
& L ) S ) & ph
i K . + =0 :
§ (3.9) Ekzm( (s) P(!s) ( Yy (s) X, ) g
¥ 3P a K ;
K- k (3
At this point, & remark is in order: Since we are dealiug with %‘
{7:_,1 the dynamics of defontsble elctromechanical materials, then a question %
i S
3.:‘ _:
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arises #s to whether the free energy density is invariant under trans-

o N LA RN AT

formations cf the spatial frame of reference or not. Ciearly, it is
not unless one replaces P( ) and *{k Pk's and M’( yy waere P‘((s) and
A%s) are respectively the valves of polarlzation and magnetization
measured on the ccordinate frame moving with material body. However,
the energy equation is written in terms of P%s) and M%s), therefore,
such a replacement is not suitable because of the restrictions imposed
by the second law of thermodynamics. Another way of handling this
difficulty is to introduce a fictitious rate of electromagnetic momentum
so as to obtair an energy equation writtern in terms of P( ) and ﬁ%s)'
The electromagnetic momentum so introduced is not unique and requires
modification of Cauchy's law, thus spening new questiows.
As a result, the question of invariance requirements for deformable
bodieg subject to electromagnetic fields is still an open question and
must be studied separately. In this regard, we refer the readers to
works by Dixon and Eringen [5] and Toupin [6] wno eventually used similar
formulations that we employ here. The present form:lation is certainly
applicable for cases where the couwponent of the magnetic flux perpen-
dicular to the particle velocity is very small as compared to the
component parallel to the particle velocity.

Carrying (3.6) to (3.9) into (3.5), the ‘nequalities (3.5) are

simplified to

(3.10) L gt lesd Lo 5
29(e) (e} ¢ B(e) {e)

1 NG ®(s). 5
G-10) By et o, T e 20
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The orinciple of objectivity requires that ?(s) must have the following

form
(3.12) v, =vw, () g P, M)
(£) T “(s) R T
where EKL . PK , and HK are defined bty
k 2
2 Egp = Be* kX 176y
(3.13)

gknx X (s) » My = gkz K (s)

Here EKL is the Lagrangian strain tensor defined on the material coordinate
system XK whose metric tensor is GKL‘ The constitutive equations for the

stress tensor, fiectric field, and magnetic flux now take the forms

3y
kl (s) k E k 2 k 2
t) T (s} Ty, Tk Lt Fe) e T M)
(3.14)
- @y Eig) + ey e
Gy B =o)L a2l
it () " P> e, ko TPy, Mk

Here, it is seen from (3.14; that the condition (2.9) is satisfied if

(3.16) T(a) =0 R a=e,s

From this general formulation, various order constitutive equations

may be obtained. In particular for isotropic naterials, the stvess tensor,

electric and magnetic fields can be expressed in terms of certaia invariants
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g &
i1 of independent state variables. Such a case has been given by Grot and
E . Eringen {1] for a single medium, therefore we do not repeat them here. 1In

what follows we will be interested in the linear constitutive equations.
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4., LINEAR CONSTITUTIVE EQUATIONS .é
kM
For the 1linear constiiutive theory, the difference between material §
2
4 and spatial cocordinates may be disregarded. In this case, the constitutive é
g equations presented in (3.14) to (3.15) reduce to g
ks O T ! ) ks !
' 4.1) ¢t = -~ + P + B M - (P, + . A b
3 (4.1) (s) D(s)dek£ (s) (s) (s) (~(s)§(s) g(s) E)g %
s K M, . A %
. 4.2) = \ = 3" =
;- ¢ Es) = P(ss ap(s) ’ P(s) aMés) g
3 k %
; 2
% Here, the infinitesimal strain tensor ekt is defined by ?
4
) X 3
L {&.3) eup = % (Y gtug ) %
where u is the displacement vector. §
- o
For linearly isotropic materials, we express the free energy of 5
solid continuum as
(4.4) ¢, | = —L (er)2++-ek2e +-——§-!'-P2 + XZMZ
’ (s) 0 r Y k2 (s) " 2 (s)
% ) (s) (s)
(s)
' where 2 , u , X; » X, are the material constants, and o%s) and Psg) 3Te, Tespec-
<~ AR
tively the mass density in the undeformed and deformed bodies. The
’ r
{4.5) Pis) © o%s) (1-e )
Inserting (4.4) into (4.1) and (4.2), and using (4.5), the linear
constitutive equations are cobtained to be
k k k k
(4.6) By "X1 %y 0 B =xaMy
R
0 AR I o i -
e o e S S §
y ¥ ARl
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TS) = e: gk + 2u ek + E%s) P( + B (s)
6.7)
132
(B o) E(ayMis) P8
Here

we have neglected the powers of infinitesimal strain tensor higher

than the first.

In equation (4.7) it is interesting to note that the total stress

tensor tﬁz) of solid continuum consists of two parts: Th<e first part is

the classical Hook's law, and the second part is none other than Maxwell

stress tensor.
In the linear theory, the forms of the rate of linear momentum

transfer, energy and entropy transfers are (cf.

(41

k k k
(6-8) R(e) =V u(es)oT P(S)

2 T r,2
®te) = Bo (G(S)-e(e)) + 8y “(es) t By e * B, (er)

(4.9)
o0 kP 2 .
+ '42 ek + BSH( ) + 8 P(S) + ﬁ7§(es) lz(s)
8 (e
(s ) Ajm) T r.2
Te) T 7 +Y1<>+*fr+B“Q
(4.10)

K 2 . .2 ]
48 e T YsMig) T P (s) Y Y9%¢es) E(s)

Material moduli v , © , Bo to 87 and Y1 to Yq appearing in (4.8) to (4.10)

are functions of density of electron continuu.

The lecal Clausius-Duhem inequality imposes the following restrictions

on these coefficieiits
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&
=

[y

(e) Ta I (e) ;
)yl+91>0,+86+(6 )y6>0 é
(s) g
B
0 0 ) %
(43"*((e))1)-7(1+8+ (e)«h)>o :
6 6 7 6 -
(s) (s)
i
i
) % é
(e ) Y3 >0, + BIO + (6 e)) YI. ?_ 0 §
3
7 (¢) &
2. 1, (e §
= (4.11) + Be + ( ) yg 20
2 5 gy * 5 g
= where it is understood that plus sign is for the solid continuum and the ~;
> minus sign for the electroms.
£ The field equations from (2.2) to (2.28), with constant and equal 3
4 temperatures, are given by g
2|
3 2
i . 9p S
ks & sez = *
té (4.12) st T4 (o(e) Veed ) =0 z

%
§
g
7
Y
]
]
3
4
3
g
%
¥
g
g
3
%
g
%
3
=
%
A
3
g
B
%
]
%
g
B
g
£
:
%
3

4130 = o) * ) Eio) ¥ ey Eier Vo)) =V Stes) 7T o)

dp
s =
(4.14) ‘_u'a: +div (oo Vigy) =0
(4.15) ( A+y )%eu + quu +qS \E + ( P xB )
y T IR T %s)2(s) ~(s) -

- 1 . —
vl I:(s)@;(s) + .\_1(3)@_3 T2 I:(s) IE(S‘g 1+ P (s) ( f(S) V(s) )

+ TP

"V se) T T (s)
where q'(:s) and “(e) are defined by
t 2 av e
(4.16) W) 10T 0 T TPy T,
g
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% In addition, we have Maxwell's equations

‘. .

L E ) )

% ) 1l "~ 4ir

5 - e T e e —

SH - (4.17) VE + 0 5t 0 , V=Tt e

R (4.18) VD = &4¥g , VeB=0

X

l' where H and D are defined by

Yia)

’ (4.19) }} = ].3 + 4w c I.)(s) - }.x(s) ) ? l.) = §+ fam g(s)

gf

b B

s.‘\ These equations together with corresponding jump conditions may be

‘ used to determine the electromagnetic and mechanical fields completely.
.
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5. EQUATIONS OF ELASTIC CONDUCTORS

To obtsin a continuum theory of elastic condurturs, we assume that

the inertia and thermodynamic pressure of electronic continuum are

-
g
3
E
2
7
i
£

%

ST A
<
.
-]
]
£
A
-
]
L]
-]
L}
o
S S A B d a2 AN A s P oD S0 A AL D s L A S R T B T R il AT D B SR R R A YA R G Rt sy

3 small as compared to the inertia and stress of elastic continuum. Under
b these assumptions, by summing equations (4.13) and (4.15) and neglecting

the electron inerria and pressure, we obtain the field equations of

IR

elastic conductors

2
(5.1) (4 W7 v+ plu+ g E+ P "B+ V[P DE+M®B - 5P - Eql

- o~ ~ -~ -~ -~ -~

UG e 15T TR e G SR

+1xB=p(f -V

¥

S W-;}.,;.,r :r'vu;u

and Maxwell's equations are

e

LR takond
| @
4B
1]
o
-
1<
X
i
1]
0 j=
wl
1
+
nlg‘
[X ™

PR

(5.2)

where for brevity we wrote

[ R
[1}]

A
£ (es) .
Uyt B2

[ -]

M=

* 2 ¥E e

!

(5.3)
v

trn
]

- t_ - .
= f(s) s £ = D(s) y V= Y(s)’ q = Q(e) + Q(s) g(s)

Here, it should be noted that the conduction current i is still an unhnown,

but we have the equations of balance of linear momentum for electrons

T

£ - .45 UerFer ™ Wes) T g

8 Recalling the definition of conduction current and (2.8)1, equation (5.4)

may be written as

s o
v

M JsRY L 413

3]
h&u‘k%&m AR

R T T R G TR R R T R D
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(5.5) <+ q, WE+1iv5= X i
xl (e) -~ ~ Q(e)

The solution of i from (5.5) is found to be

(5.6) i, =o¢, F

where Orq i3 the conductivity tensor given by

2
\ (5.7) i . e pp 4 e
. = L - -~
r %3 32T [o1g * 72 BeBy 7 eapBd
2 1+ —3
* with )
j' g = Q(e) (Tx;l'*‘qe)/v
} (518) 0 =
b
R
¢ in (5.7), the first term on the right~hand side denotes the cuirent

parallel tc the effective electric field, and the second énd third terms

Wi LA X9

give the curreats parallel tc the magnetic field and perpendicular to

e 4 '.. e
&Y, i

vt g

o

the magnetic and electric fields. The last type of current is known as

: the Hall current. As might be seen from (5.7), the conductivity tensor
'g I is, in general, a function of the magnetic field and the density of
g

electron gas.

o

ot
e
TR

~

Further simplification of (5.7} results, if the following condition

- |

o

;-% holds, i.e.,

 { 18] lag,]
(5.9) LA O LA
L L v

.
a i
g

3

This condition holds if the gyrofrequency of electrons is small as

20519

o

o

compared to the collision frequency v. Fer this case, the conductivity

-,

e

A%
v

e

tensor reduces to
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(5.10) g,,=¢6_ ¢

where 00 is c¢illed the condnctivity constant.

Ia tihis case the conduction current becomes

(5.11) i, =6 E

and this is none other than the generaiized Ohm's law.
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6. SPHERICAL CAVITY SUBJECT TO CONSTANT ELECT.(STATIC POTENTIAL

In this section we give the solution of a problem concerned with a
spherical cavity subject to a constant electrostatic potential ¢0 and
iocated in an infinite solid plasma. This type of problem, known as
electrostatic prove, is widely used in gasecus plasma to determine certain
characteristics of probes. It is hoped that the solution of this problem,
together with an experiment which can be performed in a manner similar
to gaseous probe, will be helpful in determining the material constants
appearing in the present derivation. Since the problem is electrostati-~
in nature, all magnetic and collisional effects are negligible. The

field equations (4.13), (4.15), and (4.18)1, neglecting all the second

order terms, reduce to:

(6.1} -Yn(e) + q(e)g + 1_(5) =0

(6.2) (A + 0)77 + u + uu + G(gyE = Prey = O
(6.3) 7+ D= 4nq

with

(6.4) D=eE . aFqgy * g

where £ is the dielectric constant defined by

esl+x11

It is convenient to work with number densities N(a) defined as
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-eN

Ple) = efe) 0 Ye) T "MN(e)

fi&,m"ﬂi?u Sl

(6.5)

Py = TsNs) 0 Ys) T ENis)

where me, m., e and Z are respectively the masses of a particle in

electron and solid continua, electronic charge, and the number of

R AR A R By

valance electrons in the structure of an ionic lattice cell.

In order to proceed further, one must know the forms of "(e) and

1. For this particular problem they are assumed to be of the forms

.

(6.6 Te) = KG(Q)N(e) y T = e(Z—o)N(s)

s et s

P

where K is the Beltzmann constant, 8 (e) is the electron temperature,

and ¢ i3 a new constant which characterizes tae interaction between

GOl ELE Lo

the ionic lattice and electronic charge.

Introducing the electrostatic potential ¢ (as usual), and using

(6.5) and (6.6) in (6.1) to (6.3), the field eqguations take the following

form
LY \e) ——-L-)- - éﬁ-‘- - .‘.i.i'. .
4.7} Ko iz~ Vo) ge t @Oy 35 =0
da daé , dé
) -_— - - _—
(6.8) (A + 2y) d- () it e(Z o)N(S) ar 0
2 bue
. \ { - 2N
(6.9) ¢ = . N( (s))
where & is the volume dilatation defined by
e SR e R R S o e = .
ki TS ¥ Q'&“‘u‘-.‘ .-. i '-'.’ e .-_u N R A T -
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.14 2
A= r2 dr (r ur)

Recalling the relation

0
Negy = Nigy (1 - &)

The equation (6.8) may be written as

K

. dn,
TCS R N T

(s) dr
N(s)

0
where N( ) is the undeformed particle number density of the iecnic lattice

(6.10)

cell.
The equation (6.10) can be integrated to obtain
NO
eg
- - (—L8)
{(6.11) N(s) A expl -~ ¢ ou 16}

Bere A is an integration constant to be determined from the condition

0
o N: - N R - , A )
(6.12) ts) h(s) %+ 0 as r

The result ig

0
0 eoN{S2
(6.13) Negy) = Vi) expl-Gz,00%)

Inserting ($.13) into equation (6.7),and sclving the resulting

nonhomogeneous differential equation for N(e)’ we obtain

0 0
(Z~0) (3+2p)N aoN
(6.34) N( ) =B exp[Kee $] + (S% exp [~ A+2§s!)¢]
® (e) (X+2u)+K9(e)cN(s) i

vhere B is a constant of integration and may be determined from the

regularity condition
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(6.15) N (e) ° $2+>0 , asr+w

(e)

The use of (6.15) in (6.14) gives the electron number density as

(z-0) (A+2uiN

(6.16) N

4)_.3‘1‘1_1
) = {exp{-( xp[K6 ) ¢]}+N( )eXP[ ) )

(kPZu)+K8(e) (s)° (e

Here N%e) is the initial number density of the e¢lectronic charge
continuun.

: If we introduce (6.13) and (6.18) into (6.9), the resultant

; ordinary differential equation wiil be highly nonlinear which cannot
be treated by analytical means. This nonlinear equation can be
simplified by tne following arguments which are similar to the one
vsed in the gaseous plasma, i.2.,

e¢

(6.17)
K€ (o)

<< 1 ,

0
eoN
—L8) 4lcc g
A+2u

which states that the thermal energy of electronic charge and the elastic
energy of the lonic lattice are very large as compared to the electrostatic
potential of the medium. This assumption is, in particular, vaiid at

far distances from the surface of the spherical probe. If this is the
case, one can expand N(e) and N(s) into a power series of ¢. Retaining
only the first two terms of the series and introducing the result intou

e.uation (6.9), we obtain

5
%
g
2
§
g
)
%
B
%
B
§
3
E
3
g
2
3
3
3
%
!
E
§
E

(6.18) 724 = x§¢

SvadAle

20 1k

where K% is defined by
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Bohm shieiding criteria.

0
) (z-c)(x+2u)n( )

)]
(A+2u)+l(6( )ON( )

}
N
&
[}
SN D TR A N

J
&

In obtaining the equation (6.18), we have required the charge neutrality

at the initial state, i.e., s
&

0 0
(6.19) Ny = Mgy §
b
2

N
e

In addition, we require that Kﬁ > Q. This condition is known as the

The solution of (6.18),with vanishing & at infinity, is given by
—KDr

2 p = CEmm
(6.20) » = C T

Here C is a constant of integration which may be deteirmined by equating
tlie potential to the given potential 4)0 at the surface cf the probe.

The result is:
—KD(r-a) a

(6.21) Y= 4 e )
I} ) o

where a is the radius of the metallic probe.

SRR TRt A T S A 2 A R R AL

s

4

+

From the definition of dilataticn axnd its relation to the number

density of a solid continuum, one can find the radial component of

SO

displacerwent satisfying the stress free boundary conditicn. The final

result is given by

. [_§_3_+ 3 (2_2- ] ecd, ) eod,a ( L, -Yh(r—a)
T 4u A+2u kD K[) r2 A2 Kg" 2 2
(6.22) *of
vy = u¢ =0

Similarly, the approximate number densities are:
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-

-K_(r-a)
eséoa e KD ;

Moy " Vo)t - Ty T

(6.23)
~K_(r-aj
N, . = N0 .[1+Sa¢ &EL——]
(e) T Vet T 7% r

where S 1s defined as

§ = =8 L o2 + 1 X (Z~0) (X+2p) )
) Z(3+2u) ~ Ke, _ 0
{e) {e) (A+2p)Z+K6(e)N(e)0

From these zquations one can evaluate the values of displacement

and the number of densities on the surface of the sphere. These are:
eo@oa 0 eo¢°
= s } = - e———
ur(a) 4a  ? 1‘(s)(a) N(s) (1 A+2u)

(6.2%) o
Niey(a) = Bi ) (1 + 58 )

From physical considerations, one expects that

G
quz_o » 820

This requirement is consistent with the one pused for K;.

If the same problem was solved by use of the classical theory of

elastic conductors, the result would be

3
o = ¢o(r)

(6.25)
which is equivalent to equation (6.21) as KS approaches to zero.

As a concluding remark, it is worthwhile to cite that thes present

approach not only gives the distribution of electrostatic potential but

also the variations of the densities of the electronic and ionic species

that form an elastic conductor.
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